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Analytical Study of Reinforced Concrete Beams
Strengthened with Web-Bonded Fiber Reinforced

Plastic Plates or Fabrics

by Amir M. Malek, and Hamid Saadatmanesh

Bonding fiber reinforced plastic (FRP) plates or fabrics to the web of rein-
forced concrete beams can increase the shear and flexural capacity of the
beam. This paper presents analytical models to calculate the stresses in the
strengthened beam, and the shear force resisted by the composire plate
before cracking and after formation of flexural cracks. The anisotropic
(orthotropic ) behavior of the composite plate or fabric has been considered
in the analviical models. The companion paper extends this discussion into
post cracking behavior at the nlnmate load, where the diagonal shear
cracks are formed. The method has been developed assuming perfect bond
between FRP and concrete (i.e., no slip), and using compatibility of the
strains in the FRP and the concrete beam. The validity of the assumprions
used in this method has been verified by comparing the results to the finite
element method. A parametric study has been performed to reveal the effect
of important variable parameters, such as fiber orientation angle on the
shear force resisted by the FRP plate. The method has been developed for

both uncracked and cracked beams, and it can be used for stress analysis of

these rypes of beams.

Keywords: analytical; composite; fabric; orthotropic: plated beam; rein-
forced plastic; repair; retrofit; shear strength; web-bonding,

INTRODUCTION

Many of the nation's constructed facilities are in need of
repair, retrofitting, and rehabilitation. Deterioration, aging,
and underestimated design loads are the most frequent rea-
sons for strengthening structures. Fiber reinforced plastics
(FRP)., which have been used in aerospace technology for
several decades, are becoming increasingly popular in the
construction industry for strengthening purposes. Several at-
tractive properties such as corrosion resistance, ease of fab-
rication, formability. light weight, and versatility have made
FRPs desirable for this construction application. FRPs are
made from a variety of fibers and resins.! They have been
made in different shapes—such as rebars, plates, and fab-
rics—and have been used in a variety of structural members,
including reinforced concrete beams > and columns,”® and
masonry walls.”

FRP plates or fabrics have been bonded to the tension face
of reinforced concrete beams to increase the bending capacity
of the beam. Experimental and theoretical studies on this type
of beam have shown a significant increase in the ultimate

load and a considerable improvement in cracking behavior.
These plates can also be bonded to the web of reinforced con-
crete beams, as shown in Fig. 1, to increase the shear capacity
of the beam.'? This technique can be used in repair and retro-
fit of existing beams, as well as in designing new reinforced
concrete beams and girders.

Generally, the beams used in the lower floors of multistory
buildings resist high shear forces during earthquake. This re-
sults in close spacing of the stirrups that may violate spacing
requirements given in the codes for proper placing of con-
crete. By using composite plates or fabrics bonded to the side
faces, the designers can increase the spacing of the stirrups.

This paper presents an analytical model to calculate the
stresses and the shear force resisted by the composite plate in
reinforced concrete beams strengthened with web-bonded
FRP plates before cracking, and also after formation of flex-
ural cracks. The companion paper extends this discussion
into post cracking behavior at the ultimate load level, where
the diagonal shear cracks are formed. The method has been
developed based on strain compatibility between the rein-
forced concrete beam and the FRP plate, and considering the
anisotropic behavior of the FRP plate. Equations have been
developed for two different cases of uncracked beams, and
the beams with flexural cracks. The method has been veri-
fied by comparing the it to finite element method. The results
of this method also have also been compared to experimental
results. A parametric study has been carried out to show the
effect of important variable parameters such as the fiber ori-
entation angle, and the geometric properties of the plate on
the shear force resisted by the plate.
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Fig. 1—Shear strengthening of reinforced concrete beams

RESEARCH SIGNIFICANCE
The shear strength of reinforced concrete beams is in-

creased by bonding composite plates to the web of the beam.
This paper presents a method to investigate the effect of the
plate on the stress distribution in the concrete beam, and also
to calculate the shear force carried by the plate. The method
has been developed for uncracked beams as well as for beams
with flexural cracks. A parametric study has been carried out
to reveal the effect of important variable parameters in this
strengthening technique. The results of this study can be used
to develop design guidelines for concrete beams strengthened
for shear with web bonded FRP plates or fabrics.

ANALYTICAL MODEL

The contribution of the FRP plate to the shear capacity of
the beam is divided into two parts: Part I, designated by VJ,,I,
is caused by the anisotropic behavior of the plate and is
present even in the regions of pure bending; Part I1, designat-
ed by Vp”. is caused by the moment gradient in the beam.

In subsequent sections, appropriate equations will be de-
veloped to calculate VP" and Vp” for both uncracked beams,
and beams with flexural cracks. However, first a brief intro-
duction is given into the behavior of orthotropic plates.

The stress-strain relationship in an orthotropic lamina
(plate) in any arbitrary system of coordinates such as x-y un-

der plane stress conditions is given by:!!-12

G.rx Q:Q_I;Q_U Eu.
Oy | = [212000xn | | S

g, N 00N =
g 01301305;] LYo
where [0] represents the transformed stiffness matrix of the
lamina, and its elements are:

O = 04,C)+2(0y; +2053)85C2 + 05,57

013 = 01x(So+Co) +(Qy, + 0y —405,)S2CE

G = 01150 +2(Q1p +2033)S5C + 05 Ch .
013 = (@11 - C12-2Q33)8,Co + (Qy5 - 0y + 2033)5,C,
02 = (@11~ Q12-2033)5:Co + (@13 - O + 203,)S,C

(08
2.2 4 4
(@11 + 092 -20,-2033)5,Cy + Q135(S, + Cy)

QSS

Il

Fig. 2—Definition of fiber orientation angle

In the above expressions, Sy = sin 8 and C, = cos 8, where 8
is the angle between the x axis and the longitudinal axis (fiber
direction) of the FRP plate, measured counter-clockwise as
shown in Fig. 2. Furthermore:

Ell
L=vpvy
Ey
I=vvy (3)
S
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Oy =

er =

Q3 = Gy,

where | and 2 refer to the longitudinal (fiber) and transverse
directions in the composite plate, respectively, as shown in
Fig. 2. Therefore, E)| and E,, are the elastic moduli of the
plate in the longitudinal and transverse directions, G, is the
shear modules of the plate, and v is the Poisson’s ratio.

In order to show the effect of the plate on the stress distri-
bution in the reinforced concrete beam strengthened with
web-bonded FRP plates, two cases are considered: (a) un-
cracked beam; and (b) cracked beam.

I—Uncracked beam
The following assumptions are made in developing this
method:
*  Plane sections remain plane.
* Complete composite action between the FRP plate and
concrete beam (i.e., no slip).
*  Linear elastic materials.

Shear due to anisotropic (orthotro‘pic) behavior of
FRP plate under pure bending, V,

P
In pure bending:

g, =0

4)
Yoy = 0

where x is the longitudinal axis of the beam, and y is perpen-

dicular to the x in the plane of the beam. Therefore, Oyy and

Yyy are transverse normal stress and shear strain, respectively.



The validity of these assumptions will be verified by the finite
element analysis in subsequent sections.
Expanding the second row of Eq. (1) to find 6, results in:

6y, = Q1€ + 00ty + 0¥y, (5)

This stress as well as v, are negligible and according to Eq.
(4) can be assumed as zero; therefore, €, is wrilten as:

£ yy — ex.x (6}
QIE

Replacing g,, from Eq. (6) and v, from Eq. (4) in to the first
and the third rows of Eq. (1), the normal and shear stresses
in the FRP plate are written as:

Gxx = QSHE.\.I {?)

1:4'}' QS 13 E.l‘.t {8)
where Qs and Qs5 are given by:
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The cross section of the strengthened beam as well as the
assumed linear strain variations across the depth of the cross
section of the beam are shown in Fig. 3. The strains in the
steel rebars located in the tension and compression zones €,
and €/, the strain at the top of the FRP plate €, and the max-
imum tensile strain in the concrete beam g, are related to the
maximum compressive strain in the concrete €, through the
following expressions:

m
1]
m
LQ.
=i

(1)
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These strains as well as ¥ (location of the neutral axis) are
shown in Fig. 3. Based these strains, and using the stress-
strain relationship of each material, the stresses and forces
acting on the cross section of the strengthened beam are cal-
culated. The stress and the force in the steel rebars are calcu-
lated by multiplying the strain by the modulus of elasticity
and the area of the rebars, respectively. The strain at any
point of the concrete and FRP plate is related to the maxi-
mum concrele compressive strain €, based on a linear strain
variation across the depth of the cross section as shown in
Fig. 3. The stress in the FRP along the axis of the beam is cal-
culated using Eq. (7), relating the strain in the plate to its cor-
responding stress. The force in the FRP plate is then
calculated by integrating the stress over the cross-sectional
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Fig. 3—Strain variation in the strengthened beam

area of the plate. The stress and the force in the concrete are
calculated assuming linear elastic behavior by multiplying
the strain by the concrete modulus of elasticity and then in-
tegrating over the cross section of the beam. The location of
the neutral axis y is obtained by solving the equation of
equilibrium of horizontal forces across the depth of the cross

section:

__ Ost,dy—Ebh’ ~2AEd-2AEd- Qs 1,k

; (12)
2(d,1,05,, - E.bh—EA,~EA ~ Qs,,1,h)

where

1, = sum of the thicknesses of the plates on both faces of
the beam

E. = elastic modules of concrete

b = width of concrete beam

A, = area of reinforcement in tension zone of concrete

f{j = area of steel reinforcement in the compression zone of

concrete.
The compressive strain in concretes €,. is calculated from:

£ = — (13)
where M is the moment of all internal forces about the neu-
tral axis, and S~ is defined as:

"
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Knowing y and €., the normal strain at any point on the plate
is calculated from:

g, = - Le, (15)
: 5

where v is the distance from the neutral axis of the strength-

ened beam (positive if the point is above the neutral axis).

Using Eq. (8) the shear stress at any point of the plate is
obtained:

Ty = - QL""H';S(- (16)




Fig. 4—Conventional positive sign for VP‘Jr
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Fig. 5—Stresses acting on an infinitesimal part of the beam

The shear force in the FRP plate is calculated by integrating
the above shear stress over the cross section of the plate, and
is given by the following equation:

HOATEYS 2 2
V, = —%T_if(d;—h'+2ph-2_ﬁdﬂ) (17)
y

The superscript / is used to indicate the portion /" of the to-
tal shear that is present even under pure bending. The con-
ventional positive sign of this force is shown in Fig. 4.

Shear due to moment gradient V,,/!
Generally. each section of the beam undergoes bending

moment and shear force at the same time. To find the portion
of the shear force in the FRP plate, which is caused by the
variation of the bending moment in the beam (shear force),
an infinitesimal section of the strengthened beam dx. as
shown in Fig. 5, is considered. The same procedure as that
for VP‘* is followed to find €, and the corresponding stresses
across the depth of the section. The free-body diagram for an
isolated part of the plate between the bottom face and a sec-
tion at distance y from the neutral axis is shown in Fig. 6. The
increment of the force dF is calculated from:

dF

ﬂ\—_{‘idﬁ‘
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Fig. 6—Free body diagram of a small part of the plate

qF = J._f‘r.‘-l‘ -9 (do,, Iy )dy (18)
where
dc.r.r . Q"-II[“ .}—:] g{ {qu
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The horizontal shear stress acting on the plate at distance v
from the neutral axis is calculated by dividing dF by the area
of the plate:

T=— (20)

Substituting Eq. (19) in Eq. (18), performing the integration
to find dF, and then substituting dF into Eq. (20), the shear
stress in the plate at any point located at distance y from the
neutral axis is obtained from:
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The total shear force acting on the section of the plate due to
moment gradient is then calculated from:

1 y-d, i
Vo = [Lnog ¥tpdy (22)

Superscript /7 indicates that this component of the shear
force is due to the increment in the bending moment. Substi-
tuting the shear stress given in Eq. (21) in the above equation
and integrating, the shear force is obtained:

stV 3 d3 3 2
v = QL;_[& +o =~ 5+ 2d,5h) 23)
258 3 3

The conventional positive sign for the above shear force is
shown in Fig. 7. This convention is selected for consistency
of signs in beam theory and signs assumed for developing
the stress-strain relationship in the anisotropic FRP plate.
The total shear force in the plate V), 1s the algebraic sum of
the forces given by Eq. (17) and (23):

' 1
V, = -V, +V, (24)



Fig. 7—Conventional positive sign for VP”
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Fig. 8—Strain and stress diagrams in the strengthened
cracked beam

It is noted that generally the numerical value of V; will be
negative according to the above a“umed sign LOT‘IVEIIIIOTI
resulting in addition of V and V . The shear force resisted
by the reinforced concrcie beam alone is given by:

V,= V-V, (25)

where
V = shear force due to external loads

Il—Beam with flexural cracks

The procedure explained for uncracked beam can be fol-
lowed for strengthened cracked beam. It is assumed that con-
crete does not resist any tensile stress after cracking. The
strain and stress diagrams of a typical section of the strength-
ened beam under pure bending are as shown in Fig. 8. Using
a procedure similar to uncracked beam, and writing the equi-
librium equation of the horizontal forces acting on the cross
section of the beam, the following equation for the distance
to the neutral axis from the top concrete fiber in compression
y is obtained:

AV +By+C=0 (26)

where

1 1

A=- iErb"f EIPQS“
B = —E,A—E,A,~ht,0s), 27)
= E‘Asé‘+ExA,d+%h2prs”

The parameters used in the above equations were defined
previously. Similar to the uncracked beam, the maximum

compressive strain at the top of the section £, is obtained by
writing the moment equilibrium equation of the section as:

e, =M (28)
s
where
e Iiﬁ“_bj:l l[ : A(G-d)} +EA(d-7) +
vV

{ (29)
EQill p[h —\} ]

Again, using the procedure for the uncracked beam, V’
which is the shear force in the plate due to pure bending o‘r
the beam, is obtained from:

q‘\-‘
o1 H‘

For this case, V, I i not different from the uncracked beam
and Eq. (23) is still valid.

The validity of the basic assumptions used in developing
this method has been verified by comparing its results to the
finite element method. The method has also been used in a
parametric study to investigate the effects of important vari-
able parameters such as the fiber orientation angle, and the
thickness of the plate on the shear force carried by the con-
crete beam.

CASE STUDY

In order to demonstrate the application of this method, and
also to verify the validity of the assumptions used in this
study, a reinforced concrete beam strengthened with FRP
plates bonded to the web was studied. The geometry of this
beam and the location of the plates are shown in Fig. 9. The
mechanical properties of the materials are given in Table 1.
Furthermore, the shear modules of the composite plate Gy,
was assumed as 6.3 GPa (914 ksi).

Using Eq. (3), the elements of the stiffness matrix of the
plate are obtained:

0, = 34,664 GPa (5,026,280 ksi)
0, = 1484 GPa (215,180 ksi)
05, = 4124 GPa (597,980 ksi)
043 = 6300 GPa (913,500 ksi)

Verification of the method
The finite element method was used to verify the valid-

ity of the assumptions used in developing the analytical
model. The computer program ABAQUS version 5.4 was
used for this purpose. Considering the lack of the external
lateral forces, a two-dimensional analysis (plane stress)
was used for this study. A mesh of four-node elements was
used to model the concrete beam. Rebars were modeled as
one-dimensional bar elements. Four-node composite
membrane elements were used to model the FRP plate."?
The same nodes that were used for concrete elements were
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Fig. 10—Mesh definition and deflection of the beam

also used to define the membrane elements. In this manner
the stiffness of the membrane elements was added to the
stiffness of the concrete elements appropriately. The mesh
definition and the deflected shape of the beam under the
applied loads are shown in Fig. 10.

Fiber orientation was assumed as 45 deg and the variation of
o,

(6]

xx

and

Xy

14

XX

along Section 2 shown in Fig. 9 were studied. The node num-
bering along this section of the beam is also shown in Fig. 9.
The finite element results are listed in Table 2.

As can be seen from the results in this table, both ratios are
negligibly small confirming the assumption made in Eq. (4).
The variation of the maximum compressive strain in the con-
crete along the beam has also been compared to the finite el-
ement results in Fig. 11. This figure shows a close agreement
between the results of this method and the results of finite el-
ement analysis.

Comparison to experimental results
The results predicted by this method were compared to the
test results of two precracked flexural specimens IA and ITA

Table 1—Mechanical properties of the materials

Elastic modules,

Material GPa (ksi) Poisson’s ratio
Concrete 27.9 (4046) 0.18
Steel 200 (29,000) 0.3

FRP

Ey) =34.13 (4949)
E,, = 4.06 (589)

Via = 0.36

in an experimental study by Norris et al.'” The geometry of
these beams is shown in Fig. 9. The ultimate loads of these
beams were reported as P = 68.97 kN (15.5 kips) and
62.29 kN (14 kips), respectively. The fiber orientation angle
for both beams was zero deg, and the thicknesses of the com-
posite fabric were 0.33 mm (0.013 in.), and 0.66 mm (.026
in.), respectively. The mechanical properties of the COMmMPpos-
ite fabric used in Beam IA are those given in Table 1, and for
Beam IIA were slightly different.'® At the ultimate load, the
axial strain in the composite plate at the center of the beam
was calculated as 0.00781 and 0.00608 in Beams IA and IIA,
respectively. The corresponding measured results were
0.0072 and 0.0056, respectively. This shows a reasonably
close agreement between the experimental and theoretical

B, Oyy
Table 2—Variation of |¢_| and |0,,| along Section 2
g | [ow
Node numbers xx Gy
- 130 0.063 0.058
o 230 0.079 0.037 N
330 0.059 0,039
430 0.071 0.043
o s30 : 0.070 0.050 -
730 0.070 0.028
830 0.070 0.034
- 930 0.059 0.036 o
1030 | 0.079 : 0.036
1130 0.063 0.058
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Fig. I 1—Comparison of the present method to FEM

results. The difference is mainly due to the simplifying as-
sumptions made in analysis, such as ignoring slip and assum-
ing linear elastic assumption,

Parametric study
The effect of important parameters such as the fiber orien-

tation angle was investigated through a parametric study.
This study was carried out for both uncracked and cracked
beams, and the variation of the resisting shear force devel-
oped in the composite fabric was the focus of this parametric
study.

I—Uncracked beam
The effect of the fiber orientation angle was studied for Sec-

tion 1 shown in Fig. 9. At this section of the beam, the shear
force and bending moment are V = 136.2 kN (30.62 kips); and
M = 54.48 kN-m (48.2 kip-in.), respectively. It is assumed that
the composite plate has a uniform thickness of 4 mm (0.16 in.)
and that it covers the entire depth of the concrete beam, that is
d,=0. The variation of the shear force resisted by the plate V,
vs. fiber orientation angle is shown in Fig. 12. As can be seen
from this figure, the maximum shear force in the plate is only
about 6 percent of the shear force acting on the section of the
strengthened beam. This force is mainly caused by the internal
shear force Vp” and its maximum value occurs when 8 = 0.
This indicates that the effect of the plate is relatively insignif-
icant before cracking.

The beam was also studied with four different fiber orien-
tation angles of 0, 45, 90, and 135 deg and different plate
thicknesses. The variation of the shear force in the fabric vs.
fabric thickness is shown in Fig. 13. As can be seen from this
figure, the contribution of the plate to the shear capacity of
the beam increases almost linearly with the increase in the
plate thickness.

The third part of this parametric study was concentrated on
the effect of the plate height on the shear force in the com-
posite plate. The thickness of the plate was assumed 4 mm,
and two different fiber orientations of 45 and 135 deg were
studied. The effect of d,, which is inversely proportional to
the height of the composite plate, was investigated. The vari-
ation of V), vs. d,, is shown in Fig. 14. As shown in this figure,

SHEAR FORCE IN THE COMPOSITE PLATE (KN)

0 20 40 60 80 100 120 140 160 180
FIBER ORIENTATION ANGLE (TETA)

Fig. 12—Variation of the shear force resisted by the plate
against fiber orientation angle (uncracked beam)

for both fiber orientations the maximum shear force occurs
when the plate stops at a point near the neutral axis of the
strengthened beam. The significance of the fiber orientation
angle on the shear force resisted by the plate is also shown in
this figure.

Il—Beam with flexural cracks

The geometry of the beam was assumed the same as the
uncracked beam. It was assumed that due to a high bending
moment in the section there were flexural cracks in the rein-
forced concrete beam. The variation of the shear force vs. the
fiber orientation angle, as well as the thickness of the plate
are shown in Fig. 15 and 16, respectively. In this case, the
concrete in the tension zone does not resist any tensile stress
since it is assumed to have cracked, which results in higher
tensile stresses in the fabric as well as the steel rebars. Both
normal and shear stress in the fabric are proportional to the
maximum strain in the concrete. Therefore, the shear stress,
and consequently the shear force in the composite fabric are
considerably higher in cracked beams than in uncracked
beams. Furthermore, due to cracking, the relationship be-
tween the thickness of the fabric and the contribution of the
fabric to the shear resistance of the beam is no longer linear.
The maximum effect of the fabric occurs where the fiber ori-
entation angle is about 135 deg. At this angle the two com-
ponents used in calculating V), are added, resulting in the
highest effect of the fabric.

SUMMARY AND CONCLUSIONS

The effect of the composite fabric or plate bonded to the
web of reinforced concrete beams on the shear force carried
by the concrete beam was investigated. Closed form solutions
were developed based on the compatibility of the strains in
the plate and the beam, assuming that the materials behaved
linearly elastic, and that there was complete composite action
between the fabric and the beam (i.e., no slip). The shear
force in the fabric is assumed composed of two different com-
ponents. The first one is caused by the orthotropic behavior of
the fabric. This component is present even if the beam resists
only pure bending. The second component, which is caused
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SHEAR FORCE IN THE COMPOSITE PLATE (KN)
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Fig. 14—Variation of the shear force resisted by the plate
against height of the plate (uncracked beam)

by the variations of the bending moment (internal shear force
on the section), is calculated in a manner similar to that of iso-
tropic plate or fabric. Two different cases of uncracked and
flexurally cracked beams were studied. It was concluded that
for the uncracked beam, the shear force resisted by the com-
posite fabric was negligible. However, for beam with flexural
cracks, this force was considerably higher, and depended on
the thickness and the fiber orientation of the fabric or plate. In
general, the maximum tensile stress in a strengthened rein-
forced concrete beam can be calculated by using the method
described here, and assuming that the concrete is uncracked.

8 8 8,388

SHEAR FORCE IN THE COMPOSITE PLATE (KN)
-]

10 I i
0 20

40 &0 80 100 120 140 160 180
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Fig. 15—Variation of the shear force in the plate against

fiber orientation angle (cracked beam)

This stress can then be compared to the modules of rupture of
concrete, to investiate if the concrete beam is cracked. Using
the appropriate equations presented in this paper, the maxi-
mum compressive strain in concrete, stresses acting at differ-
ent points of the section, and the shear force in the concrete
beam are calculated. The following summarizes the steps in-
volved in the calculation of stresses and strains in the FRP
fabric or plate as well as the shear force resisted by the fabric:

L. Obtain the depth of neutral axis y using Eq. (12) (Eq.
[26] for cracked section).
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Fig. 16—Variation of the shear force in the plate (N) against thickness of the plate (mm)

for different fiber orientation angles (cracked beam)

2. Calculate the maximum compressive strain in the con-
crete using Eq. (13) (Eq.[28] for cracked section) gives the
maximum compressive strain the concrete.

3. Calculate the axial strain in the composite plate using
Eg. (15).

4. Calculate the stresses in the composite plate or fabric
using Eq. (7) or (8).

5. Determine the stress in the composite plate in the de-
sired direction using the classical stress transformation equa-
tions.

6. Finally, calculate the resisting shear force of the plate V,
from Eq. (24) using appropriate terms for cracked or un-
cracked sections.
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NOTATION
A = coefficient used in defining depth of the neutral axis
A, = areaof the steel reinforcement in the tension zone of concrete
A, = areaof the steel reinforcement in the compression zone of
concrete
B = coefficient used in defining depth of the neutral axis
b = width of the concrete beam
C = coefficient used in defining depth of the neutral axis
€, = parameter related to the fiber orientation angle
d = depth of the longitudinal tensile reinforcement
df, = distance between top of the plate and top of the concrete beam
d = depth of the longitudinal compressive steel reinforcement
E. = elastic modules of the concrete
Eyy = longitudinal elastic modules of the FRP plate
FEs5 = ransverse elasue modules of the FRP plate

= axial force acting on a part of composite plate

shear modules of the composite plate

height of the concrete beam

internal bending moment

= coefficient used in definition of transverse stiffness matrix
= elements of the transformed stiffness matrix

= parameter used in calculation of the maximum compressive
strain in concrete

parameter used in calculation of the maximum compressive
strain in concrete

S, = coefficient used in definition of transformed stiffness matrix
total thickness of the composite plate on the side faces of the

o
|

“LRIC X T am
1

' concrete beam

1% = internal shear force

Vﬂ" = first component of the shear force resisted by the plate

Vp” = second component of the shear force resisted by the plate

¥ = distance from neutral axis

¥ = depth of the neutral axis

o, = normal stress in x direction

o, = normal stress in v direction

G,, = shearstress

0 fiber orientation angle

v = Poisson’s ratio

€. =  maximum compressive strain in concrete

g, = axial strain in longitudinal steel reinforcement in tension zone

g, =  axial strain in longitudinal steel remforcement in compression
zone

g = maximum tensile strain in concrete

£ = axial strain in x direction

B axial strain in y direction
shear strain
shear stress
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