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Abstract
Effective application of FRP to concrete structure is not possible until a fundamental
understanding of the mechanics and failure mechanisms of the retrofit system is available. This paper is
mainly focused on developing a methodology for predicting the debonding failure caused by
intermediate flexural cracks in FRP-strengthened R/C beam. Firstly, based on the strain compatibility,
an iterative analytical method is presented to predict the structural response of strengthened beam. Then
using concept of fracture mechanics, a comprehensive study is directed to clarifying debonding failure
mechanisms corresponding to experimental results. Finally, a unified energy-based model is established
to predict the debonding failure in FRP-strengthened R/C beam.

Introduction
In the past twenty years, fiber reinforced plastic (FRP) laminates widely and successfully applied
in aerospace structures have gradually been accepted as a highly attractive alternative in lieu of their
steel counterpart in the field of strengthening and upgrading of civil engineering structures. This can be
attributed to their superior characteristics such as light weight, high tensile strength, corrosion resistance,
good tailorability and ease of application. These FRP materials can be externally bonded to the tension
face of concrete structures with any desirable shape via a thin layer of epoxy adhesive and thus enhance
stiffness and strength of the structures to be strengthened. As we know, the pivot to this bond technique
is to ensure perfect composite action between FRP laminates, failure of which may invalidate the stress
transfer from concrete substrate to FRP reinforcement and cause undesirable premature failure prior to
the theoretically expected load. As shown in Figure 1, FRP-strengthened concrete beams may be
subjected to unfavorable failure modes in addition to crushing of concrete and shear failure, such as
rupture of FRP laminates, delamination of FRP initiated from the cut-off point, peeling-off of FRP
caused by shear crack and debonding of FRP caused by intermediate flexural crack. Among them,
crushing of concrete, shear failure and rupture of FRP can be avoided in the structural design and their
corresponding ultimate strength of structural member can be predicted using conventional RC beam
theory. So far considerable research has been directed to investigating the phenomenon of interfacial
shear and normal stress concentrations at the cut-off point of FRP and the corresponding failure criteria
have been developed for predicting the delamination of FRP initiated from the FRP ends (e.g. [1-5]).
Different from other researchers, Zhang et al. [6] suggested a plausible mode of failure which is
controlled by the characteristics of the individual teeth in between adjacent cracks in the concrete cover
and proposed a theoretical model for predicting the premature plate peeling failure load which depends
on the size of stabilized crack spacings. The peeling-off of FRP initiated from shear cracks of concrete
can be prevented by a rational design and much research work on FRP shear strengthening has been
done [7-9]. However, very limited literatures can be found concerning the debonding of FRP caused by
intermediate flexural cracks generally located near the maximum moment region, which is considered to
be a more dominant failure mode than the delamination of FRP at curtailment zone for the strengthened
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Figure 1. Failure Modes Observed in FRP-Strengthened Concrete Beams
beam with thinner FRP sheets. A thorough understanding of such kind of debonding failure mechanism
is crucial to developing the corresponding prediction method for civil engineers.
Recent studies [10-12] have demonstrated that proper understanding and modeling of
FRP-concrete interface-related phenomena and failures could be improved via the application of fracture
mechanics theories. The traditional strength-based theory can only predict the local fracture but not the
ultimate failure load of the retrofitted structures. Wu and Niu [13-14] and Niu and Wu [15] theoretically
investigated the effect of flexural cracks on interfacial stress distribution and pointed out that it is
reasonable to use fracture mechanics concept for prediction of debonding failure load. Recently, Niu and
Wu [16] clarified the debonding behavior and failure mechanism due to multiple flexural cracks in
FRP-strengthened R/C beams through performing nonlinear fracture mechanics-based finite element
analysis. It is shown that debonding behavior and the ultimate load of debonding failure are significantly
influenced by whether crack spacing is less than the effective transfer length of FRP sheets or not and
interfacial fracture energy.
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In this paper, particular emphasis is placed on developing an analytical model for predicting the
debonding failure load caused by flexural cracks, which consists of section analysis based on strain
compatibility, concept of fracture mechanics and simplified assumptions based on debonding
mechanisms. Firstly, an iterative analytical method to analyze the structural response of
FRP-strengthened RC beam is established based on strain compatibility and equilibrium. Then
debonding mechanisms are interpreted for different crack patterns observed in practical experiments and
the corresponding analytical prediction model is proposed. Finally, some discussions are made on model
parameters.

Structural Response in FRP-strengthened RC Beams
A doubly reinforced rectangular section is illustrated in this section to develop an iterative
analytical procedure to predict the structural response to load application. This analytical study is based
on the strain compatibility, equilibrium, and choice of material constitutive relations for concrete,
reinforcing steel and FRP.
In the analysis, the following assumption are made:
(a) Linear strain distribution throughout the full depth of the section;
(b) No slip between the longitudinal reinforcing steel and the surrounding concrete;
(c) No slip between the external FRP reinforcement and the concrete substrate;
(d) No premature FRP separation or shear failure is accounted for;
(e) The tensile strength of the adhesive is ignored;
(f) No tensile strength is considered after cracking.
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Figure 2. Constitutive Relationships: (a) Idealized Stress-Strain Curve for Concrete in Uniaxial
Compression (after [17]); (b) Reinforcing Steel and FRP
To provide highly accurate prediction, concrete is assumed to follow the widely-used
stress-strain curve proposed by Hognestad [17], reinforcing steel is modelled by elastic perfectly plastic
curve in tension and compression, and FRP materials are assumed to behave linear elastically until to
failure, as shown in Figure 2, where fc’=compressive strength of concrete; fc=stress in concrete; ε0=
strain in concrete corresponding to compressive strength; εc= strain in concrete; Ec=initial elastic
modulus of concrete; fy=yield strength; Es=elastic modulus of steel; εy= yield strain in reinforcing steel;
ffrp=tensile strength of FRP; Efrp=elastic modulus of FRP; εfrp= ultimate tensile strain in FRP.
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Figure 3. Strain, Stress and Force Distribution at Section
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Figure 4. Flow Chart for Calculating FRP Stress for a Given Load
Based on the strain compatibility and equilibrium of internal forces, FRP stress or external load
can be predicted for a specific loading stage. Figure 3 shows the strain, stress and force distribution
along the depth of cross-section. In view of nonlinear behavior of concrete and reinforcing steel, this
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analysis should be performed by an iterative procedure. Every possible case should be checked for a
given load or FRP stress at a certain section, such as whether the strain in the extreme fiber of concrete
in compression is larger than ε0 or not, compression steel or tension steel yields or not. In the analysis,
the ultimate compressive strain of concrete εcmax is assumed to be 0.0035.
With respect to calculation of external load for a given FRP stress, it can be very easily
performed as follows: firstly assume εc<ε0 , calculate the neutral axis hn and check whether the assumed
conditions is met, if not, then assume εc<ε0 and repeat the same procedure until the calculation result
agrees with the assumption condition; secondly, the location of the resultant of compressive force can be
easily determined on the basis of the calculated neutral axis; and finally, the external load can be
determined by the equilibrium of the moment at given section.
Determination of FRP stress is an inverse operation to the above stated and uses an iterative
procedure following Figure 4.
Detailed analytical equations from the equilibrium of internal force can be referred to [14] and it
was found that either external load or FRP stress can be predicted with high accuracy by compared to
experimental results [18]. This kind of section analysis based on strain compatibility can be used to
predict the crushing of concrete and rupture of FRP. It is evident that such analysis can hardly provide a
reasonable prediction for debonding failure caused by intermediate flexural crack, which can be
attributed to the fact that debonded section violates the assumption used in section analysis and
knowledge about such debonding mechanisms is still lacking.

Bonding and Debonding Mechanisms
As shown in Figure 1d, debonding of FRP laminates is often observed to be initiated from the
ends of flexural cracks near the maximum moment region, with subsequent propagation out to the ends
of FRP. Such debonding follows two possible paths: along the interface between adhesive layer and
concrete substrate or through the concrete substrate adjacent to the bond interface. Generally, the latter
mode is encountered in FRP-strengthened RC beam provided with good bond condition. Despite where
debonding occurs, it can be regarded that debonding propagation resembles mode II fracture more
closely than mode I fracture because FRP laminates are primarily loaded in tension and the adhesive is
primarily in shear providing the necessary shear connection between concrete and FRP. In practice, such
debonding propagation may be associated with mode I fracture within concrete surface layer [19], but
the integrated effect can be similar to mode II fracture behavior, which lies in the fact that only a thin
layer of concrete adheres to the FRP debonding surface.
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Figure 6. Interfacial Constitutive Relationships
To investigate the bonding and debonding mechanisms for FRP-bonded concrete structures,
considerable research has been conducted on pure shear test on FRP-bonded concrete prisms shown in
Figure 5. It is worthy of being noted that Täljsten [20] firstly presented the use of fracture mechanics
approaches for the plate bonding technique. The derived formula was solved analytically for simplified
bond-slip curve without softening behavior. However, the author pointed that nonlinear equation derived
for a realistic bond-slip curve could only be used for numerical calculations. Recently, Yuan et al. [21]
and Wu et al. [22] introduced several interfacial constitutive laws (as shown in Figure 6) describing preand post- cracking behavior of FRP-concrete interface to analytically solve the nonlinear shear transfer
problems of pull-push and pull-pull shear tests. It shows that fracture mechanics can be used to well
explain the debonding initiation, propagation and final failure, which shames the strength theory-based
method. Moreover, it provides a simple expression for determining the load-carrying capacity.
Provided that the bond length L is larger than the effective transfer length, the maximum
transferable load in pull-push or pull-pull shear test can be expressed in the same form with respect to
the choice of different interfacial constitutive relationships:
Pmax = b1 2G f E1t1

(1)

where E1, t1 and b1 are elastic modulus, thickness and width of FRP, respectively; Gf is the interfacial
fracture energy consumed for debonding failure.

FRP-Strengthened R/C Beams
As for FRP-strengthened R/C beam, generally intermediate flexural crack initiated debonding is
observed to be accompanied with two different crack patterns: localized crack pattern more often than
not encountered in plain concrete beam strengthened with FRP laminates and distributed crack pattern in
strengthened RC beam, which is shown in Figure 1d. Due to the effect of moment and different crack
patterns, it may not be taken for granted that the debonding mechanisms are same for strengthened beam
and FRP-bonded concrete prism and the expressions derived from simple shear test can be kept intact to
apply to strengthened beam. To this end, the authors [13][15][16] conducted a comprehensive study on
stress transfer, debonding propagation and failure mechanism using theoretical and numerical method. In
what follows, the similarities and dissimilarities are addressed between debonding mechanisms in
cracked FRP-strengthened R/C beam and simple shear test.
Based on theory of elasticity, Wu and Niu [13] theoretically investigated the effect of flexural
cracks around the maximum moment region for several load cases: three-point bending, four-point
bending and uniformly distributed bending by adopting linear bond-slip relationship without softening
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behavior (Figure 6a) for modeling interfacial behavior. It was concluded that high interfacial shear
stresses at the ends of cracks are mainly responsible for debonding of FRP in cracked R/C beam
strengthened with FRP and the gradient of the moment, or shear force has an insignificant effect on the
interfacial shear stress distribution. By ignoring the minor terms in the derived expressions for
interfacial shear stress the maximum shear stress τmax in all load cases converges to

τ max =

f
b1

ks
E1t1

(2)

where f is the axial force in FRP at crack; ks is shear stiffness of employed interfacial bond-slip curve; E1,
t1 and b1 are elastic modulus, thickness and width of FRP, respectively.
Using the concept of fracture energy, the above equation can be rewritten in the same form as
Equation (1) derived from simple shear test:

f max = b1 2G f E1t1

(3)
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In view of the fact that interfacial shear transfer behavior can be well represented by bilinear
bond-slip relationship (Figure 6b) with consideration of softening behavior [23], Niu and Wu [15]
presented a closed-form analytical solution for predicting interfacial shear stress and FRP stress
distributions caused by flexural cracks in FRP-strengthened R/C beam, and clarified the debonding
mechanism caused by one flexural crack using bilinear interfacial model. Provided that FRP force at end
of flexural crack in strengthened beam is same as that at load end in pull-push shear test, it is found that
interfacial shear stress distributions are almost same for both FRP-strengthened beam and pull-push
shear specimen [18]. For the case of single crack or localized one in FRP-strengthened plain beam, FRP
stress keeps constant and load increases no more once debonding is initiated and propagated outwards to
end of FRP. Considering that theoretical study is incapable to present the debonding propagation and
stress redistribution between cracks, Niu and Wu [16] conducted a finite element analysis and found that
crack spacing has a significant effect on debonding failure mechanism and ultimate load-carrying
capacity by employing discrete crack model to model concrete crack propagation and bilinear bond-slip
relationship to model interfacial behavior. Large crack spacing, or rather crack spacing larger than
effective transfer length, yields almost the same ultimate load as that of one crack case, while short crack
spacing causes a different debonding mechanism to that of one crack case and the ultimate load is higher.
With respect to short crack spacing, or crack spacing shorter than effective transfer length, debonding
initiation does not mean the final debonding failure. Debonding propagation is “resisted” by the adjacent
crack and much more energy is needed to make the stress redistribution, which to some degree
corresponds to increasing the shear transfer length and thus contributes to sustaining increase in FRP
stress and external load. Figure 7 and 8 demonstrate effect of crack spacing on structural response. It is
shown that with decrease of crack spacing FRP can be effectively utilized and the corresponding stress
distribution can be approximated to a monotonically smoothly curve similar to that of one crack case,
with an increased effective transfer length.

Analytical Model for Predicting Debonding Failure
In FRP-strengthened R/C beam, intermediate crack induced debonding failure is often
accompanied by two crack patterns, i.e. localized and distributed crack patterns. Based on the above
discussions, the debonding failure mechanism for the case of localized crack pattern is similar to that for
simple shear test and thus the corresponding debonding failure can be predicted by combining the
fracture energy based Equation (1) for determining the ultimate transferable load in FRP and strain
compatibility based prediction method. The prediction procedure can be simplified in Figure 9.

P

τf
f
(1) P ⇒ f
(2) f ≥ b1 2G f E1t1 →debonding failure; f < b1 2G f E1t1 →no debonding

Figure 9. Prediction for Debodning Failure Accompanied by Localized Crack Pattern

Yoshizawa and Wu [24] investigated the crack behavior in concrete through conducting uniaxial
tension tests and bending test on FRP-strengthened structures with and without reinforcing steel. It is
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found that the average crack spacing is averaged from 70 mm to 100mm in FRP-strengthened RC
structures. In view of that interfacial shear stress is mainly caused by difference between FRP stresses,
for case of debonding failure by distributed cracks, it can be regarded that cracks are uniformly smeared
over the whole beam and debonding failure is result in once debonding is initiated between two flexural
cracks with a spacing of an effective transfer length. Figure 8b shows that this assumption is convincing.
Based on such assumption, unified prediction procedure can be established for debonding failure in
Figure 10, where the case is simplified to that of localized crack if f1=0 for uncracked section.

P

τf
f1

f2

Le

(1) Le = k E1t1
(2) P ⇒ ( f 2 − f 1 )
(3) f 2 − f1 ≥ b1 2G f E1t1 →debonding failure; f 2 − f1 < b1 2G f E1t1 →no debonding

Figure 10. Prediction for Debodning Failure Accompanied by Distributed Crack Pattern
According to Equation (1), the effective transfer length Le can be approximated by:

Le ≈

2 Pmax 2 2G f E1t1
=
∝ E1t1 ⇒ Le ( mm ) = k E1t1 ( MPa ⋅ mm )
τ f b1
τf

(4)

where τf is local bond strength of interface, k is a coefficient determined by experiment, other symbols
are defined before.
As stated above, the key parameter in predicting final debonding failure for FRP-strengthened
R/C beams is interfacial fracture energy Gf. In this prediction model, debonding mode, or rather whether
debonding occurs in adjacent concrete interface or adhesive, is reflected by the magnitude of Gf.

Concluding Remarks
Combining the strain compatibility method and fracture energy-based debonding mechanism, a
unified analytical model is established for predicting/evaluating debonding failure caused by
intermediate flexural cracks in FRP-strengthened RC beams. It is found that this model is convincing
from the theoretical and numerical investigation conducted by the authors. Further investigation,
however, is required to be done, such as investigation into the relation between effective transfer length
and concrete properties, size effect, and calibration of interfacial fracture energy from a large amount of
experimental results.
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